We present a systematic calculation of the cross section for the lepton-proton bremsstrahlung process l + p → l ′ + p + γ in chiral perturbation theory at next-to-leading order. This process corresponds to an undetected background signal for the proposed MUSE experiment at PSI. MUSE is designed to measure elastic scattering of low-energy electrons and muons off a proton target in order to extract a precise value of the proton's r.m.s. radius. We show that the commonly used peaking approximation, which is used to evaluate the radiative tail for the elastic cross section, is not applicable for muon-proton scattering at the low-energy MUSE kinematics. Furthermore, we point out a certain pathology with the standard chiral power counting scheme associated with electron scattering, whereby the next-to-next-to-leading order contribution from the pion loop diagrams is kinematically enhanced and numerically of the same magnitude as the next-to-leading order corrections. We correct a misprint in a commonly cited review article.
I. INTRODUCTION
Recent high precision experimental determinations of the proton's r.m.s. radius have produced results which are not consistent with earlier results [1] [2] [3] . The proton radius puzzle refers to the contrasting results obtained between the proton's electric charge radii extracted from the Lamb shift of muonic hydrogen atoms and those extracted from electron-proton scattering measurements, [see, e.g., Refs. [4] [5] [6] .] We note that a dispersion relation analysis of the proton form factor determined from electron-proton scattering data favors a charge radius [7, 8] consistent with that extracted from the experimental muonic hydrogen result. In order to resolve this issue, a number of newly commissioned experiments are underway, along with proposals of redoing the leptonproton scattering measurements at low momentum transfers. The latter includes the MUon-proton Scattering Experiment (MUSE) [9] . The MUSE collaboration proposes to measure the elastic differential cross sections for e ± p and µ ± p scattering at very low momentum transfers with an anticipated accuracy of a few tenths of a percent. This should allow for a very precise determination of the slope of the proton's electric form factor G p E , and thereby, extract a value for the proton's r.m.s. charge radius squared, (r p E ) 2 = 6
, where τ is the four-momentum transferred to the proton. The MUSE collaboration aims for an r.m.s. radius uncertainty of about 0.01 fm. However, in MUSE only the lepton scattering angle θ is detected. The final scattered lepton energy E ′ l is not measured, nor are the bremsstrahlung photons. The bremsstrahlung photons constitute an integral part of the lepton-proton elastic scattering, and is * t.pulak@iitg.ac.in † myhrer@physics.sc.edu ‡ ghanashyam@iitg.ac.in § udit.raha@iitg.ac.in one of the principal sources of uncertainties in the accurate measurement of the momentum transfers. In order to determine the proton charge radius, the data analysis necessarily needs to correct for this radiation process. The lepton beam momenta considered by MUSE are of the order of the muon mass [9, 10] . A particular concern is the standard radiative correction procedure, which makes use of the so-called peaking approximation, [see, e.g., Refs. [11] [12] [13] [14] for reviews]. 1 This approximation assumes that the bremsstrahlung photons are emitted either along the incident beam direction, or in the direction of the scattered final lepton momentum. The validity of this approximation normally relies on elastic scattering of highly relativistic particles, like electrons. This is, however, questionable when either the particle energy is comparable to its mass, e.g., in the case of low-energy muon scattering in MUSE, or for inelastic scatterings with large energy losses (30-40%) from the incident projectiles due to bremsstrahlung [14] . The main purpose of this paper is to accurately assess the bremsstrahlung processes from electron and muon scattering off a proton at low energies in a model independent formalism. We show in a pedagogical manner the radical differences between the electron and muon angular bremsstrahlung spectra. We also correct a misprint in Eq. (B.5) of Ref. [14] , which is important in the low-energy lepton scattering processes.
At low energies, which includes the kinematic region for MUSE, hadrons are the relevant degrees of freedom where the dynamics are governed by chiral symmetry requirements. Heavy Baryon Chiral Perturbation Theory (χPT) is a low-energy hadronic effective field theory (EFT), which incorporates the underlying symmetries and symmetry breaking patterns of QCD. In χPT the evaluation of observables follow well-defined chiral power counting rules, which determine the dominant leading order (LO) contributions, as well as the next-to-leading order (NLO) and higher order corrections to observables in a perturbative scheme. For example, in χPT the proton's r.m.s. radius enters at next-to-next-to-leading order (NNLO) where pion loops at the proton-photon vertex enter into the calculation, see, e.g., Ref. [15] . We note that χPT naturally includes the photon-hadron coupling in a gauge invariant way.
As mentioned, the goal of the present paper is to provide a pedagogical and model independent presentation of the bremsstrahlung process in a low-energy EFT framework. We will show how the lepton mass will crucially influence the photon's angular distribution, and also discuss how the radiative tail cross section dσ/(dp ′ dΩ ′ ) depends on the outgoing lepton momentum p ′ and its mass m l . We demonstrate that the so-called peaking approximation is not applicable for muon scattering at MUSE momenta. In fact, our results corroborate the analysis in Ref. [16] , where it was shown that the peaking approximation, which is predominantly valid in the zero-mass limit or for very high-momentum transfers, becomes questionable at lower energies and could lead to significant errors in estimating the low-energy radiative cross sections. In this work we present a systematic evaluation the bremsstrahlung process using χPT up to and including NLO in chiral counting. Furthermore, we provide a rough estimate the NNLO contributions from the proton's structure effects that arise from pion loop corrections to the LO proton-photon vertex. These NNLO pion loop contributions effectively introduce the proton's r.m.s. radius, the first momentum dependent term in the charge form factor of the proton. As we shall discuss, contrary to the expectations based on standard chiral power counting for this process, the NNLO pion loop contributions appear to be kinematically enhanced by the small electron mass and roughly of the same order as the NLO contributions. This interesting observation, that emerges from our analysis in the case of the electron scattering, is not manifested in the case of the muon scattering due to the much larger muon mass.
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The paper is organized as follows: In Sec. II we present a brief description of the lepton-proton bremsstrahlung process and the associated kinematics in the context of χPT, which, in principle, allows an order by order perturbative evaluation of the radiative and proton recoil correction contributions. In Sec. III we define the coordinate system and discuss the kinematics that are used in our evaluations of the analytic expressions for the differential cross sections. In Sec. IV, we present the results for our systematic evaluation up to and including NLO in chiral power counting. Sec. V contains a discussion of our numerical results. We furthermore include an es-timate of the NNLO pion loop corrections, and present a comparison of these NNLO results with our full NLO evaluations. Finally, a short summary is presented before drawing some conclusions. For the sake of completeness we have added an appendix containing explicitly some of our elaborate expressions for the NLO amplitudes.
II. LOW-ENERGY LEPTON-PROTON BREMSSTRAHLUNG
In our evaluation the standard relativistic leptoncurrent [17] is given by the expression
where e = √ 4πα, and the four-momentum transferred to the proton is Q = p l − p ′ l . The lepton mass is included in all our expressions, and we will show that the lepton mass plays a crucial role in determining the shape of the low-energy lepton-proton bremsstrahlung differential cross section. The hadronic current is derived from the χPT Lagrangian. In χPT it is assumed that the LO terms give the dominant contributions to the amplitude, while the higher chiral orders contribute smaller corrections to the LO amplitude. The effective χPT Lagrangian L χ is expanded in increasing chiral order as
where the superscript in L (ν) denotes interaction terms of chiral order ν. 3 The proton mass m p is large, of the order of the chiral scale Λ χ ∼ 4πf π ∼ 1 GeV, where f π = 93 MeV is the pion decay constant. An integral part of χPT is the expansion of the Lagrangian in powers of m −1 p , where at LO, i.e., L (0) πN , the proton is assumed static (m p → ∞). Note that in our evaluation the m −1 p corrections to the bremsstrahlung process have two different origin, namely, the kinematic phase-space corrections, as seen in Eqs. (10) and (11) below, and the dynamical m −1 p NLO corrections that arise from the photon-proton interaction in L (1) πN , Eq.(2). In particular, it should be mentioned that in general the anomalous magnetic moments of the nucleons formally enter into the χPT calculations at NLO through L (1) πN . We first evaluate the LO contributions to the leptonproton bremsstrahlung process shown in Fig. 1 , using the explicit expression for the LO Lagrangian L (0) πN relevant for the processes under study, namely [15, 18] ,
The chiral order is given by the relation ν = d + n 2 − 2, where d is order of derivative and n is the number of nucleons at the vertex. In terms of standard momentum power counting, this corresponds to O(P (ν+1) ), where P denotes the typical fourmomentum transfer in a given process. Here N denotes the heavy nucleon spinor field and g A = 1.26 is the nucleon axial vector coupling constant, which does not contribute to our amplitude at LO and NLO. It is convenient to choose the proton four-velocity to be v µ = (1, 0) which determines the covariant proton spin operator to be S µ = (0, 
The photon field A µ (x) is the only external source in this work, and the iso-scalar part of the photon field enters as v
, where I is the identity SU(2) matrix. The chiral connection Γ µ and the chiral vielbein u µ include the external iso-vector sources r µ (x) and l µ (x). In our work the left-and right-handed sources become r µ (x) = l µ (x) = −e τ3 2 A µ (x). Generally, the U -field depends non-linearly on the pion field π, and in the so-called "sigma"-gauge has the following form:
It may be noted that U (x) = 1 at the LO where explicit pion fields are absent. The pion fields in U (x) only enters the calculation to generate the NNLO pion loop contributions, see later. We adopt the Coulomb gauge, i.e., ǫ · v = 0, where ǫ µ is the outgoing photon polarization four-vector. This implies that in χPT the bremsstrahlung photon from the proton, diagrams (C) and (D) in Fig. 1 , do not contribute to the bremsstrahlung process at LO.
The first non-trivial contribution of photon radiation from proton [Feynman diagrams (G) and (H) in Fig. 2 ] arises from the NLO interactions specified by L (1) πN in Eq. (2) . Like diagrams (C) and (D) in Fig. 1 , diagrams (I) and (J) in Fig. 2 do not contribute in the Coulomb gauge. For completeness, we also specify the NLO Lagrangian [15, 18] , where, however, only the terms directly relevant to our analysis are retained.
Here
where Q = diag(1, 0) is the nucleon charge matrix, and
Since the bremsstrahlung cross section is proportional to α/m 2 for a radiating particle of mass m, we expect the NLO contributions to be small compared to the LO due to the large proton mass.
In χPT we naively expect that the NNLO corrections are of order (P/Λ χ ) 3 ≪ 1, where P denotes the fourmomentum of the process of the order of the pion mass, m π . However, it turns out that the pion loop contributions are as important as the lower chiral order nucleon pole graph contributions. We will investigate the question regarding the magnitudes of the NNLO pion loop contributions in our process, i.e., we examine how well the usual chiral counting works for the lepton-proton bremsstrahlung process in Sec. V. At NNLO the Lagrangian L (2) πN , can be written as
πN , where L πN . In the Coulomb gauge the proton radiation diagrams (I) and (J) do not contribute. lustrated in Fig. 3 . They contribute to the first momentum dependence of the proton form factors in χPT. In this work we will effectively make use of the NNLO proton electric form factor which along with the magnetic form factor was formally derived in Refs. [18] [19] [20] [21] using χPT. The explicit L (2) πN expression can also be found in those references. At this chiral order the measured r.m.s. charge and magnetic radii determine LECs in L (2) πN [21] . In essence, a measure of the NNLO contributions to our cross section is the following electric Sachs form factor G p E , expressed in terms of the corresponding iso-vector G v E and iso-scalar G s E form factors, namely
where r p E is the electric radius of the proton. In Sec. V, our rough estimate of the NNLO contribution is obtained by folding the LO differential cross section results with G p E which include the "measured" r.m.s. radius as the phenomenological input. These should effectively simulate the NNLO χPT pion loop contributions.
III. THE LO AND NLO CROSS SECTIONS
At LO only the Feynman diagrams (A) and (B) in Fig. 1 , contribute. We denote the incident and scattered lepton four-momenta as p l = (E l , p) and p
, respectively, where, e.g., E l = m 2 l + p 2 . The corresponding proton four-momenta are P p = (E p , P p ) and P
, and the outgoing photon has the fourmomentum k = (E γ , k). Furthermore, θ is the lepton scattering angle such that p · p ′ = | p || p ′ |cosθ, and q = (Q − k) is the four-momentum transferred to the proton when the lepton is radiating.
In χPT the non-relativistic heavy proton fourmomentum satisfies re-parametrization invariance [22, 23] proton kinetic energy to lowest order in m
2mp + · · · , and similarly for the final recoiling proton. The bremsstrahlung differential cross section is given in the laboratory frame by the general expression
where in the phase-space expression (including the δ-function) we expand the recoil proton energy as
A straightforward evaluation of the two Feynman diagrams (A) and (B), shown in Fig. 1 leads to the following LO expression for the bremsstrahlung amplitude squared:
Reference coordinate system used in the evaluation of the differential cross section, such that Q = p − p ′ is taken along the z-axis, while p and p ′ lie in xz-plane. The different angles and three-momentum symbols are defined in the text.
To evaluate the cross section, it is convenient to define our reference frame such that the momentum transfer, Q = p − p ′ is directed along the z-axis [14] , while the lepton momenta, p and p ′ , lie in xz-plane as shown in Fig. 4 . The pertinent angles are defined as follows:
The lepton scattering angle in our coordinate system is given as θ = γ − ζ. When the lepton radiates a photon the squared four-momentum transferred to the proton is
which is independent of φ γ in our reference frame as suggested in Ref. [14] . This choice of reference frame readily allows the analytical φ γ integration. To evaluate our LO expression for the differential cross section,
, it is convenient to define two angle dependent parameters,
Here β =
are the incoming and outgoing lepton velocities, respectively. In this equation, we also define the magnitudes of the incoming and outgoing lepton three-momenta as p = | p| and p ′ = | p ′ |, respectively. To obtain our final expression, we integrate the cross section in Eq. (10) over the photon energies E γ , which means that the infrared singularity will appear when the momentum p ′ is close to it's maximal allowed value. To account for the proton recoil corrections in the kinematics we include the m −1 p terms in the photon energy E γ given by the delta-function in Eq. (10). We define E 0 γ = E l − E ′ l , which gives the following expression for E γ ,
where
When integrating over E γ , the expression in the deltafunction also introduces a factor 1 − Z mp in the phasespace to lowest order in m −1 p needed in our analysis, where
Furthermore, the m −1 p correction in the photon energy affects the expression for the four-momentum transfer q 2 , which can be written as
and
In the process of evaluation of the cross section up to NNLO, we will only need the m −1 p kinematic terms, i.e., we include the m −1 p corrections for E γ , q 2 , as well as in the above given phase-space factor.
As a pedagogical survey of the bremsstrahlung process at energies not much larger than the muon mass, we initially consider the most simplest and rather qualitative case of the static proton limit (m p → ∞). We shall then compare these qualitative results with the improved ones obtained by, first, including the kinematical m As a first step, we evaluate the LO cross section in the static proton limit (m p → ∞), which is expressed as
When we evaluate M static br in Eq. (21) in the static proton limit (m p → ∞), we set K, κ and Z all equal zero in Eq. (22) . This equation incorporates the m 
The terms within the first and second square brackets, i.e., [· · · ] dir(γ) and [· · · ] dir(ζ) , represent the contributions from the "direct" terms (matrix element squared of diagram (B) and (A), respectively) of real photon emissions from the outgoing and incoming leptons, respectively. The third square bracket [· · · ] int , represents the "interference" contribution of diagrams (A) and (B). 
yields the complete NLO expression to the bremsstrahlung differential cross section which is expressed as
where the O(m
At NLO we use the O(m , are rather lengthy and relegated to the Appendix. As evident from the subscripts, these contributions arise from the interference of the diagrams in Fig. 1 with those in Fig. 2 .
IV. LO AND NLO RESULTS
The MUSE collaboration [9] proposes the scattering of lepton off proton at the following three beam momenta, p = 115, 153 and 210 MeV/c. As discussed, MUSE is designed to count the number of scattered leptons at a fixed scattering angle θ for any value of the scattered lepton momentum | p ′ | larger than a certain minimum value. We shall discuss the dependence of the cross section on the photon angle α and the lepton momentum | p ′ |.
First, however, we analyze the q 2 dependence of the bremsstrahlung process. In order to extract a precise value for the proton r.m.s. radius, one needs to know accurately the Q 2 dependence of the proton form factor. To LO in χPT the fourmomentum transferred to the proton is q = (Q − k), since the proton do not radiate. At NLO, however, the momentum transfer can be either Q or q depending on whether the proton radiates or not. For a given scattering angle θ, Eq. (14) shows that q 2 is a function of the outgoing lepton momentum | p ′ |, the lepton scattering angle θ, and the photon polar angle α. Although the bremsstrahlung process for muon scattering at a given angle θ, constitutes a small correction to the elastic cross section, the process introduces a non-negligible q 2 value uncertainty. Thus, we find it important to examine the q 2 dependence on | p ′ | and α in order to guesstimate the uncertainty given by the bremsstrahlung process.
First, it is inferred from Eq. (14) that for a given lepton mass m l and very small | p ′ | = p ′ , as the angle α → 0, the θ angular dependence of the squared momentum transfer −q 2 becomes practically negligible. This 
means that the photon emission direction k is (almost) collinear with the incident lepton direction p. On the other hand, when p ′ tends toward its maximal limit for fixed θ, i.e., p ′ → p ′ elastic (θ), the α dependence plays a complex role in determining the resulting −q 2 behavior. Figure 5 depicts the −q 2 behavior of the outgoing lepton momentum p ′ , for a fixed incident lepton momentum p = | p |, forward scattering angle θ, and a small polar angle α. Both plots exhibit a quadratic behavior of −q 2 versus p ′ , with a minimum at a certain p ′ value. In general, the minimum depends on p, θ, α and the lepton mass m l . Even in the massless (m l → 0) case, a minimum of −q 2 at a non-zero value of p ′ is obtained as long as θ or α is non-zero. For example, in the given figure the minimum occurs for p becomes linear in | p ′ | with a negative slope for forward scattering angles θ < π/2. This behavior can be seen in each plot in Fig. 5 for the small p ′ region, though in case of the electron plot the negative slope of the hardly discernible. However, the inserted zoomed plot clearly shows this behavior. Thus, we can expect that the small q 2 dependence on p ′ in the low-momentum region below 100 MeV/c, that is relevant to MUSE, will produce significant effects on the differential cross section dσ/(dp ′ dΩ ′ ). Note that the MUSE collaboration is expected to detect electrons and muons with momenta p ′ in a range down to about 50 − 20 MeV/c. Second, we note that the bremsstrahlung cross section is directly proportional to 1/q 4 , Eq. (22) . In Fig. 6 we display the behavior of 1/q 4 as a simultaneous function of p ′ and cos α. In the electron case, the figure clearly shows a large collinear enhancement of 1/q 4 as α → 0 and p ′ is taken very small. This enhancement falls off sharply with the increasing values of both cos α and p ′ . In contrast, for the muons no such enhancement in 1/q 4 is apparent for small p ′ . In Fig. 7 , we display the result for the total differential cross section up to and including NLO in χPT, Eq. (24), versus the cosine of the outgoing photon angle α, for three MUSE specified incoming momenta, p = | p | = 210, 153, 115 MeV/c. For the bremsstrahlung process the outgoing lepton momentum can be chosen arbitrarily in the range 0 ≤ p ′ ≤ p ′ elastic (θ), with p elastic (θ) < p for a given scattering angle θ. We only display the results for the MUSE specified kinematics with p ′ = 30, 100 and 200 MeV/c and for three forward angles: θ = 15
• , 30
• and 60
• . We also present a comparison of our NLO results with those of the LO (static and with recoil), as well as with the results obtained by using the corrected expression for Eq. (B.5) in Ref. [14] (see clarification towards the end of this section). The differential cross section shows that the commonly used peaking approximation [13, 14] is very well satisfied for the electron even at these low electron momenta p and p ′ . The double-peak structure is a distinctive feature of the angular radiative spectrum for ultra-relativistic particles.
The prominent double peaks occur for photon angle α close to the angle ζ (the ζ-peak) for the incoming electron momentum, and the angle γ (the γ-peak) for the outgoing electron momentum, as defined in Fig. 4 . Moreover, it may be noted in the figure that for θ = 15
• for both the lower plots (as well as for θ = 30
• in the lower right plot) three peaks are generated with the ζ-peak being the dominant one. In each case the rightmost peak-like structure very close to cos α = 1, as shown by the insert plot in the lower right graph in Fig. 7 , can be attributed to the small q 2 (or alternatively, large 1/q 4 ) behavior for angle α close to zero (also, see Fig. 11 in Ref. [14] ). As expected from a classical bremsstrahlung angular spectrum (see, e.g., Ref. [14] ), for relativistic electrons the emitted photons get collimated close to the incoming and outgoing directions of the electron momentum. Several further observations regarding the electron plots are in order:
• The separation between the peaks increase with increasing scattering angle θ = γ − ζ. For θ → 0, the two peaks merge together into a single sharp peak, denoting collinear alignment of all momentum vectors.
• For a finite electron mass m e , incident momentum | p |, and fixed angles (θ, α), the differential cross section becomes maximum when the outgoing three-momentum p ′ value corresponding to the minimum of −q 2 (maximum of 1/q 4 ).
• For fixed scattering angle θ and three-momentum transfer | Q| = | p − p ′ |, the differential cross section decreases with increasing incident momentum | p |.
• For fixed three-momenta p and p ′ , the differential cross section decreases with increasing scattering angle θ.
In contrast to our electron scattering results, the cos α dependence with the same kinematics for incoming muons is very different, as seen in Fig. 8 . The initial • . In case of electron, there is a very large collinear enhancement for p ′ → 0 and α → 0 and manifests as a local maximum at small p ′ in Fig. 10 . This phenomenon is not noticeable in the muon spectrum. l dcosα) (in mb/GeV/sr), versus cos α for electron scattering for the three incident MUSE specified momenta p = | p |, as displayed. For each p just one value for the outgoing electron momentum
In the two l.h.s. and bottom right plots, the solid (red) curves correspond to θ = 15
• , the dotted (blue) curves to θ = 30
• , and the dashed (orange) curves to θ = 60
• . The insert in the lower right graph shows the dominant ζ-peak and the additional third peak very close to cos α = 1. The top right graph compares the NLO result, Eq.(24), with our LO evaluations, without [i.e., static, Eq. (21)], and with the proton recoil terms of O(m −1 p ) in the phase space [i.e., recoil, Eq. (22)]. In the same graph, the dashed curve shows the corresponding result obtained using the corrected expression for Eq. (B.5) in Ref. [14] (see text). muon momenta are not much larger than the muon mass, and the bremsstrahlung differential cross section versus cos α has a broad angular spectrum. The plots in Figs. 7 and 8 clearly demonstrate that the so-called peaking approximations [14] , a widely used practical recipe for data analysis incorporating radiative corrections, while viable for electron scattering at the low-momentum MUSE kinematics, is not applicable for muon scattering at MUSE energies. As seen from Fig. 7 (top right plot) , the expressions for the NLO "interference" corrections, namely, Eqs. (23) - (25), appear to yield contributions much smaller compared to the dominant LO result for the electron scattering. In contrast, for the muon scattering the NLO corrections are appreciably larger, as evidenced from the comparison plot in Fig. 8 . Regarding our LO results, we have checked that the interference contribution in the LO differential bremsstrahlung cross section, Eq. (22), is much larger and dominates over the "direct" contribution for both the electron and muon scattering (provided that the value for p ′ is not too small for the electron scattering case). As expected, the muon bremsstrahlung differential cross section is reduced by roughly two orders of magnitude compared to the corresponding electron cross sections for the same kinematic specification.
Zooming in on each peak in the electron angular cos α dependence reveals the existence of a (3D) cone-like substructure, as displayed in Fig. 9, i. e., the photon emission is (almost) collinear with the incoming and outgoing electron momenta. It may be recalled that for a charged relativistic particle with an acceleration parallel to its velocity β, the angular intensity distribution of the classical radiation corresponds to a cone with maximal opening angle ∼ O( 1 − β 2 ) with respect to the direction of motion β. The dashed vertical lines in Fig. 9 correspond in our reference system, Fig. 4 , to the expected directions of the incoming and outgoing leptons. The effect of bremsstrahlung radiation results in the lepton recoiling away in a slightly different direction, leading to the characteristic cone-like feature for each peak with the vertex along the expected axis of the radiation cone. Unlike the cos α dependence of the electron bremsstrahlung cross section, in case of the muon we observe significant interference effects between the two dominant broad angular peak structures arising entirely from the "direct" terms, labelled [. . . ] dir(γ) and [. . . ] dir(ζ) , and the "interference" contribution, labelled [. . . ] int , in the LO expression Eq. (22) . We find in addition a nominal NLO correction Eq. (25) to the cos α behavior. These lead to the deviations of each minimum from the expected directions, as indicated by the vertically (red) dashed lines in the figure. Our graphic demonstrations support part of the analysis presented in Ref. [16] (e.g., see, Fig. 4 in this reference) , where radiative corrections to (e, e ′ p) coincident experiments were discussed. It is to be, however, noted that if we were to reduce the value of the muon mass from its physical value, there should be a steady reduction of this observed mismatch between the vertical (red) dashed lines and the cone minima.
The NLO results for the electron and muon bremsstrahlung "radiative tail" cross section given in Eq. (24) for the MUSE specified values of the incoming lepton momenta, i.e., p = | p | = 210, 153 and 115 MeV/c, are displayed in Figs. 10. We only display the plots for the forward scattering angles, θ = 15
• , and 60
• , also specified for MUSE measurements. The bremsstrahlung cross section versus p ′ is plotted from 0.1 MeV/c up to p • . The red dashed lines indicate the directions of the incident and scattered leptons, i.e., cos ζ and cos γ, respectively.
MeV/c in order to avoid the IR singular region. There is clearly a large IR enhancement of all the plots toward the large p ′ endpoint region. Without a proper treatment of the radiative IR divergences, our large p ′ results are beset with large uncertainties, though in the lowmomentum region p ′ 100 MeV/c (suitable for MUSE) our results are reasonably accurate. We note that as p ′ tends toward zero, the differential cross section also goes to zero for the both muon and electron cases. However, for the electron tail spectrum the cross section reaches a local maximum before going to zero as p ′ → 0. This local maximum at small p ′ values is primarily due to the dominant behavior of our static LO radiative tail cross section. When the outgoing electron momentum p ′ → 0, the photon emission from the electron becomes (almost) collinear with the direction of the incident electron momentum p (reflected in the peaking approximation in Figs. 7 and 9 ) and the momentum transfer, q = p − p ′ − k. If we artificially let the electron mass go towards zero, we will encounter a mass singularity when p ′ = 0. The small electron mass effectively regularizes this singularity, and a remnant of this divergence manifests itself as a local maximum in the cross section. In that case the cross section goes to zero as p ′ → 0. Another way to examine the gradual development of the local maximum in the electron cross section is to consider our muon results presented in Fig. 10 (lower row plots) and artificially lower the value of the muon mass from the physical value, i.e., m µ = 105.7 MeV. We find that for a lepton mass, m l ∼ 30 − 40 MeV, the cross section starts developing a "shoulder", which for still smaller lepton mass values develops into a local maximum for small p ′ values. It then starts to resemble the cross section for electron scattering (upper row plots in Fig. 10) . Thus, for sufficiently small values of the lepton mass, the cross section has a distinct local maximum in the cross section in the small p ′ region. • solid (red) curve, 30
• dotted (blue) curve, and 60
• dashed (orange) curve. For the middle column plots, we show the cross sections with θ = 30
• for the three incoming MUSE specified momenta, p = 210 (solid), 153 (dotted) and 115 (dashed) MeV/c in the static approximation mp → ∞. The right column plots (with non-log scale abscissa) compare our NLO results with the static and recoil LO evaluations, Eqs. (21) and (22), respectively, as well as with the results obtained using the corrected expression for Eq. (B.5) in Ref. [14] , but ignoring the proton form factors.
As evident from Fig. 10 , our results up to and including the NLO appear to be dominated by the LO results. In other words, the qualitative difference made by the NLO corrections to the electron and the muon cross sections are not at all apparent from the figure. Thus, for a better qualitative estimate of the NLO part of tail spectrum, we present a relative comparison between the LO and NLO contributions in terms of a quantity, δ NLO , which measures the ratio of the NLO correction with respect to the LO contribution, namely
(LO) dp ′ dΩ l .
(26) This quantity is plotted in Fig. 11 against the outgoing lepton momentum p ′ , corresponding to the same kinematics specification as in the right column plots in Fig. 10 . Clearly, the δ NLO for the muon spectrum is an order of magnitude larger than same for the electron spectrum. Moreover, in the electron case, the NLO corrections in the low p ′ region below 50 MeV/c become negative, in contrast to the NLO corrections for the muon that remain positive definite for the entire range of p ′ values.
Finally, in comparing our results with the expression Eq. (B.5) in Ref. [14] , we find that the expression has to be corrected as follows. The very first energy factor, E p /E s , multiplying the integral in that expression should have been p 2 /(E p E s ). This reduces to the energy factor in Eq. (B.5) provided we neglect the lepton mass. Incorporating this correction and by ignoring the proton form factors (anomalous magnetic moment contribution also excluded) in Eq. (B.5) of Ref. [14] , we find only a nominal difference with our LO result obtained from • . The left plot is for the electron case and the right plot gives the corresponding muon results.
Eq. (22) . However, once we include the full NLO result obtained by evaluating Eqs. (24) and (25), which includes the m −1 p recoil corrections from the phase space, the δ-function, and the matrix elements, the differences with Ref. [14] indeed becomes negligible, as evident from the right column plots in Figs. 10. Note that Ref. [14] treated both the leptons and the proton in a common relativistic framework, whereas in our χPT approach the proton, being a heavy particle, is treated non-relativistically in both the phase-space expressions and the matrix elements.
V. DISCUSSIONS AND SUMMARY
As mentioned in the introduction and in Sec. II, the pion loops, as well as m −2 p terms from L (2) πN contribute at NNLO in χPT and generate the low-momentum proton form factors. These contributions are supposed to be small according to standard χPT counting. However, as presented in Sec. II the χPT counting scheme might not capture the fact that the probability of an electron radiating is much enhanced compared to the radiation from the heavy proton. Hence, we next examine the importance of the proton form factors generated by NNLO terms. The low-momentum NNLO expressions for the Sachs form factors G p E,M , have already been evaluated in earlier χPT works, e.g., Ref. [21] , and they are effectively incorporated in our evaluation. We consider only those LO Feynman graphs where the real photon radiation originates from one of the lepton lines, i.e., diagrams (A) and (B) in Fig. 1 . We only include the dominant Sachs electric form factor G p E of the proton, in particular the Taylor expanded form given by Eq. (9), at the exchanged photon-proton vertices associated with the LO diagrams. In order to have a rough assessment of the relative importance of the proton's structure effects, we show our results as a ratio R, which may be taken as a qualitative measure of the expected NNLO corrections • . Here different r.m.s. radii are used as phenomenological input to parametrize the "χPT" electric form factor G p E (see text). For comparison, we also display the corresponding result obtained by using Eq. (B.5) of Ref. [14] , while ignoring the magnetic form factor contribution. The left (right) plot corresponds to the electron (muon) results.
in contrast, Fig.12 shows that for the muon "Mo -Tsai" result the proton's structure contributions are a factors of two larger than those of the NNLO "χPT" results, and therefore, of similar magnitude as that of the muon NLO result shown in Fig. 11 .
In Fig. 10 , the bremsstrahlung cross sections diverge as the maximal value p ′ max approaches the elastic leptonproton scattering value p ′ elastic . As mentioned this is due to the infrared divergence (IR) of the bremsstrahlung process when the bremsstrahlung photon energy tends to zero. As demonstrated in, e.g., Refs. [12, 14] , the cross section is free of IR singularities, provided the virtual radiative corrections are included in the calculation. In χPT, one can systematically evaluate the effect of virtual photon-loops, as well as the bremsstrahlung contribution from the leptons and protons in order to remove the IR singularities from observables. For the elastic leptonproton scattering, the virtual photon loops along with the so-called two-photon exchange (TPE) contributions will additionally introduce ultraviolet (UV) divergences. These divergences can be treated systematically in χPT using the procedure of dimensional regularization which ensure gauge invariance at every perturbative order. To the best of our knowledge, such an evaluation has not been pursued to date in the context of low-energy leptonproton scattering. This would naturally involve the introduction of low-energy constants (LECs) in the χPT Lagrangian required for the purpose of renormalization. Fortunately, at the order of our interest, all such LECs are known and can be taken directly from earlier χPT works, e.g., Ref. [24] . Such a systematic evaluation of the radiative corrections is beyond the scope of the present discussion, and shall be pursued in a future work.
In retrospect, the purpose of this work was to present a qualitative but yet pedagogical evaluations of the LO and NLO contributions to the lepton-proton bremsstrahlung cross section in the context of a low-energy EFT framework. Here we summarize some of the essential aspects of this work:
• One important issue was to discuss a scenario where a large change in the angular spectrum of the bremsstrahlung process can be expected at typical momenta not much larger than the muon mass.
The importance of such a study is very relevant to the MUSE experimental program where high precision lepton-proton scatterings at very lowmomentum transfers will be pursued in order to investigate the reason behind the unexpectedly large discrepancy of the proton charge radius extracted from scattering experiments and the radius obtained from muonic hydrogen measurements. Our analysis demonstrates that a non-standard treatment of the bremsstrahlung corrections for muon scattering must be carefully thought through by the MUSE collaboration.
• In χPT employing Coulomb gauge, the two LO diagrams (C) and (D) in Fig. 1 , and the two NLO diagrams, (I) and (J) in Fig. 2 , do not contribute. In other words, bremsstrahlung radiation from a LO proton-photon vertex does not contribute in our χPT analysis. However, there is non-trivial proton bremsstrahlung contributions [diagrams (G) and (H) in Fig. 2 ] at NLO associated with chiral order ν = 1 proton-photon vertex in χPT.
• While taking the trace over the amplitude squared in order to determine the unpolarized bremsstrahlung cross section, the spin dependent interactions in the NLO Lagrangian give vanishing contribution. Consequently, the anomalous magnetic moment of the proton does not contribute to the cross section for this process at NLO in χPT, contrary to usual expectations. Thus, the proton's magnetic moment starts contributing to the bremsstrahlung process only at NNLO, as implicitly parametrized in our case in terms of the proton's r.m.s. radius.
• Our results displayed in Figs. 7 and 8, clearly indicate that the widely used peaking approximation in radiative analysis of high energy electron scattering data can not be used in the radiative analyses of the future low-energy muon data from MUSE.
• As evidenced from Fig. 10 , the radiative tail cross section for the electron scattering process for small outgoing momenta, p ′ 5 MeV/c exhibits a local maximum that can be attributed due to the small but non-zero electron mass. However, in the same figure we show that such a behavior disappears for the much larger lepton muon mass. Since MUSE is designed only to detect the lepton scattering angle θ and can not determine the value of the outgoing lepton momentum | p ′ |, care must be taken in the analysis of the MUSE data when one corrects for the radiative tail from the bremsstrahlung spectra.
• At NNLO the proton's r.m.s. radius enters the evaluation via the LECs in L (2) πN , meaning that the lowmomentum aspects of the proton's structure (r.m.s. radius) naturally contribute at this sub-leading order. In particular, we find that NNLO corrections for electron scattering bremsstrahlung diagrams illustrated in Fig. 3 , are as large as the NLO corrections, contrary to what is expected in standard chiral power counting.
• Finally, we report that our evaluations revealed a misprint in the overall energy factor in the wellknown review article [14] .
As a future extension of this work, we intend to improve on the systematic uncertainties and evaluate the radiative corrections to the lepton-proton bremsstrahlung scattering process (including the two-photon exchange corrections) which should eliminate the unphysical IR singularities in the large p ′ region in all the differential cross sections considered in this work.
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